Lost in translation: Crack problems in different languages  by Mogilevskaya, Sofia G.
International Journal of Solids and Structures 51 (2014) 4492–4503Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rLost in translation: Crack problems in different languageshttp://dx.doi.org/10.1016/j.ijsolstr.2014.08.025
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
E-mail address: mogil003@umn.eduSoﬁa G. Mogilevskaya
Department of Civil Engineering, University of Minnesota, 500 Pillsbury Drive S.E., Minneapolis, MN 55455, USAa r t i c l e i n f o
Article history:
Received 14 April 2014
Received in revised form 23 August 2014
Available online 10 September 2014
Keyword:
Elastostatic cracks
Modeling techniquesa b s t r a c t
This paper examines major techniques for modeling elastostatic crack problems. The foundations of these
techniques and fundamental papers that introduced, developed, and applied them are reviewed. The goal
is to provide a ‘‘translation’’ between the different academic languages that describe the same problem.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
‘‘Translation is the art of failure’’.
Umberto Eco
The feeling of ‘‘lost in translation’’ is familiar to everyone who
stumbles on a relevant literature source written by someone with
a different academic background. It may take a signiﬁcant effort to
‘‘translate’’ the source and interpret its content into a familiar ‘‘lan-
guage.’’ This may happen in various research areas and the analysis
of crack problems is one such example.
The deﬁnition of the crack and the methods employed in its
analytical or computational modeling vary with the academic
background of the researcher and with speciﬁc applications. In
addition, as typically happens in scientiﬁc research, the develop-
ments in the relevant areas take place simultaneously in different
countries, and the results are literally described and published in
different languages. Some of those publications are not even
translated.
The objective of this paper is to establish the links between
major techniques for modeling elastostatic crack problems. The
connections between various techniques have already been men-
tioned in previous publications, e.g. by Nemat-Nasser and Hori
(1993) and Nisitani (1979), for two-dimensional problems, or by
Cruse (1996), for three dimensional problems. Yet, a comprehen-
sive comparative analysis of such connections is still lacking. In
this paper, several major techniques of crack modeling employed
in various science and engineering applications are compared
and the interrelationships between them are established. The
author is fully aware that the attempt of such comparison is boundto overlook some techniques or relevant sources. The present
paper is designed, not to establish priority of authorship, but rather
to help interested readers to navigate the literature on the topic.
For the same reasons, only general overviews of the major
techniques are provided (with minimal details in the appendices);
rigorous formulations and detailed descriptions could be found in
the literature sources listed in the references. Finally, to make
the task manageable, only the problem of an inﬁnite isotropic
elastic medium with cracks is considered. In addition, the paper
is not concerned with various particular methods of solving spe-
ciﬁc crack problems such as straight/planar cracks, or cracks along
the arcs of the same circle/sphere, which could be either reduced to
various problems of a half-plane/half-space with the appropriately
chosen boundary conditions or solved by the methods specially
tailored for those speciﬁc problems (see Muskhelishvili, 1953a;
Muskhelishvili, 1953b; Sih, 1973; Kassir and Sih, 1975, and the ref-
erences therein). Extensive reviews of the literature published in
the former USSR and not included in the books mentioned can be
found in the book by Andreikiv (1982) and in the review paper
by Panasyuk et al. (1979). Rather, the most general problems
involving cracks of arbitrary shapes are considered.
The paper is structured as follows. Section 2 describes the
mathematical formulations for two- and three-dimensional crack
modeling. Section 3 reviews various engineering techniques of
crack analysis. The comparative analysis of the techniques and
the interrelationships between them are discussed in Section 4.
2. Crack analysis in mathematical theory of elasticity
The mathematical theory of elasticity treats a crack problem as
either a limiting case of the problem of elastic medium with an
elliptical (2D) or ellipsoidal (3D) cavity or as the problem of elastic
mediumwith a cut (or line of discontinuities). The solutions for the
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two-dimensional case and by Sadowsky and Sternberg (1949) for
the three-dimensional one (see also Green and Sneddon, 1950).
However, the focus of this section is on the analysis of the second
problem – the one comprising an elastic solid with a cut
along which displacements and/or tractions undergo jumps. There-
fore, analytical tools that can describe jump conditions are
required.
2.1. Complex variables formalism and Riemann–Hilbert problem
‘‘Analysis. . .. loses in beauty and value when imaginary quantities
are neglected’’.
C. F. Gauss
The mathematical problem of ﬁnding a function that undergoes
a certain jump over a contour is referred to in the literature as the
Riemann–Hilbert problem. However, Muskhelishvili (1953a)
attributed its formulation to Hilbert (see Sections 34 and 81 in
Muskhelishvili, 1953a for the history of the problem). Hilbert in
1905 and Plemelj in 1908 considered the problem for the case of
a single closed contour under certain smoothness conditions for
the contour and the functions involved into the formulation. The
corresponding problem for an open contour was ﬁrst solved by
Carleman (1922) for the simple case of a straight segment and later
generalized by Gakhov (1942) and Muskhelishvili (1941). These
solutions employed a complex variables formalism, some concepts
of which are brieﬂy reviewed in Appendix A (together with several
other relevant concepts).
The Riemann–Hilbert problem formulated for an open contour
(arc) evokes the notion of a sectionally holomorphic function. This
function is deﬁned, for a simple case of a plane with a single cut
along a smooth arc Swith the end points a and b, as a single valued
function /ðzÞ of the complex variable z = x + iy (x; y are Cartesian
coordinates of the point z; i2 ¼ 1) that is
 Analytic everywhere in the plane, with the possible exception of
the point at inﬁnity.
 Continuously approaches S from both sides (in general, with dif-
ferent limit values of /þ sð Þ; / sð Þ, s ¼ s1 þ is2 is the complex
variable associated with the point s 2 S).
 Behaves as /ðzÞj j < const= z cj ja, 06 a < 1 near each end point
c (c ¼ a or c ¼ b) of S.
With this deﬁnition the Riemann–Hilbert problem can be formu-
lated as follows. For given sufﬁciently smooth functions c sð Þ,
g sð Þ, s 2 S (cðsÞ– 0 everywhere on S), ﬁnd the sectionally holo-
morphic function /ðzÞ such that
/þ sð Þ ¼ cðsÞ/ sð Þ þ gðsÞ ð1Þ
The requirements on the smoothness conditions for the functions
cðsÞ, gðsÞ, and for the arc S are formulated in Muskhelishvili
(1953a), where the notion of the classes of possible solutions of
the Riemann–Hilbert problem are introduced for the more general
case of multiple arcs. For a single smooth arc, these classes are
deﬁned by the speciﬁc behavior of the functions, involved in Eq.
(1), near the end points of S.
The solution for the Riemann–Hilbert problem of Eq. (1) in the
simplest case of a single smooth arc, under the conditions that
cðsÞ ¼ 1, gðsÞ is sufﬁciently smooth (it belongs to the H class on
S, see Appendix A), and /ðzÞ vanishes at inﬁnity, is given by the
Cauchy type integral (Muskhelishvili, 1953a; Muskhelishvili,
1953b):
/ðzÞ ¼ 1
2pi
Z
S
gðsÞds
s z ð2ÞThe limit values of the integral of Eq. (2), when z approaches any
point so on S (s0 – a; s0 – b), are given by the following Sokhot-
ski–Plemelj theorem (Muskhelishvili, 1953a,b):
/ðs0Þ ¼ 12 gðs0Þ þ
1
2pi
Z
S
gðsÞds
s s0 ð3Þ
in which s0 is the complex variable associated with the point s0, the
sign ‘‘+’’ (‘‘’’) indicates the values of the function for the region that
is to the left (right) of the arbitrary chosen direction of travel on S.
The integral involved in the right-hand side of Eq. (3) is understood
as a singular (Cauchy principal value) integral.
To apply the tool described in this section in crack analysis, one
needs to describe jump conditions over the surface of a crack in
terms of those for some sectionally holomorphic functions.
2.2. The ‘‘Russian Methods’’
‘‘The Russian integral methods for solving plane elasticity
problems’’
C.E. Massonnet, Section 10.7 in Massonnet (1965).
The representations of the elastic ﬁelds via holomorphic func-
tions are given by the so-called Kolosov–Muskhelishvili complex
potentials uðzÞ; wðzÞ (Muskhelishvili, 1953b):
2lu zð Þ ¼ ju zð Þ  zu0ðzÞ  wðzÞ ð4ÞrðzÞ ¼ u0ðzÞ þu0ðzÞ þ dz
dz
zu00ðzÞ þ w0ðzÞ
h i
ð5Þ
In these equations, uðzÞ ¼ u1ðzÞ þ iu2ðzÞ are the complex displace-
ments; rðzÞ ¼ rnðzÞ þ irsðzÞ are the complex tractions; u1ðzÞ; u2ðzÞ
are the displacement components in the Cartesian co-ordinate sys-
tem in a plane; rnðzÞ; rsðzÞ are the normal and shear tractions; l is a
shear modulus; j ¼ 3 4m in plane strain; j ¼ ð3 mÞ=ð1þ mÞ in
plane stress; m is Poisson’s ratio; and a bar over a symbol denotes
complex conjugation.
Using Eq. (4), it is straightforward to obtain the following repre-
sentation for the derivatives of the complex displacements:
2lu0 zð Þ ¼ ju0 zð Þ u0ðzÞ  dz
dz
zu00ðzÞ þ w0ðzÞ
h i
ð6Þ
The following representation for the resultant force function,
which follows from Eq. (5), is also often used:
f ðzÞ ¼
Z z
z0
r zð Þdz ¼ uðzÞ þ zu0ðzÞ þ wðzÞ ð7Þ
The problem of a curvilinear crack in an inﬁnite plane under
zero stress at inﬁnity is formulated as a boundary value problem
of a plane containing a cut with the boundary conditions on each
its side described via the Kolosov–Muskhelishvili potentials by
appropriately chosen equations from the set of Eqs. (4)–(7). Using
algebraic manipulations, the boundary conditions are re-formu-
lated via those for the jumps of the corresponding potentials or
their combinations. Thus, the boundary value problem is reduced
to the set of mathematical problems of ﬁnding sectionally holo-
morphic functions that undergo certain jumps over the arc. The
solutions of the latter problems, represented in integral forms via
Cauchy-type integrals of Eq. (2), are then used in a limiting process
to meet the corresponding boundary conditions. This procedure
reduces the original boundary value problem to the corresponding
complex integral equations. The case of non-zero stresses at inﬁn-
ity is treated by standard superposition process.
Some authors (Linkov, 1983, 2002) do not directly refer to the
Riemann–Hilbert problem but start from its corollary, the so-called
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(Linkov, 1983, 2002).
The functions /ðs0Þ of H class on S are limit values of a sec-
tionally holomorphic in the plane and vanishing at inﬁnity function
/ðzÞ if and only if
/þðs0Þ þ /ðs0Þ ¼ 12pi
Z
S
D/ sð Þ
s s0 ds ð8Þ
where D/ sð Þ ¼ /þðsÞ  /ðsÞ, and the integral in the right-hand
side of Eq. (8) is understood as a singular, Cauchy principal value
integral.
The function /ðzÞ is then expressed as follows:
/ðzÞ ¼ 1
2pi
Z
S
D/ sð Þ
s z ds ð9Þ
The theorem allows for direct representation of the Kolosov–
Muskhelishvili potentials in integral forms given by expression of
Eq. (9). The integral equations for crack problems are formulated
by substituting the limit values of corresponding potentials into
the boundary conditions, making use of Eq. (8), and employing
the following relations that directly follow from the representations
of Eqs. (4)–(7):
uðzÞ ¼ 2luðzÞ þ f zð Þ½ = jþ 1ð Þ ð10Þ
u0ðzÞ ¼ 2lu0ðzÞ þ r zð Þ½ = jþ 1ð Þ ð11Þ
The methods reviewed in this section were developed in the 1970s
and described in detail in the following books (Savruk, 1981; Parton
and Perlin, 1982; Savruk et al., 1989; Linkov, 2002), which contain
extensive lists of references on the topic.
Here we present only two integral equations resulting from
these methods (e.g. Savruk, 1981; Parton and Perlin, 1982;
Linkov, 1983, 2002; Savruk et al., 1989; Tsamasphyros, 1990) for
the case of a crack along the contour Swith the prescribed tractions
on its boundary (it is also assumed that Du að Þ ¼ Du bð Þ ¼ 0). They
are
1
2pi
Z
S
2
Du sð Þds
s s0  Du sð Þdk1 s; s0ð Þ  Du sð Þdk2 s; s0ð Þ
 
¼ jþ 1
4l
fþðs0Þ þ fðs0Þ
 þ 1
4lpi
Z
S
j 1ð Þ Df sð Þ
s s0 ds

jDf sð Þdk1 s; s0ð Þ þ Df sð Þdk2 s; s0ð Þ
o
þ C ð12Þ
1
2pi
Z
S
2
Du0 sð Þ
s s0 dsþ Du
0 sð Þ @k1 s; s0ð Þ=@s0½ ds

þDu0 sð Þ @k2 s; s0ð Þ=@s0½ ds
o
¼ jþ 1
4l
rþðs0Þ þ rðs0Þ½ 
þ 1
4lpi
Z
S
j 1ð ÞDr sð Þ
s s0 dsþ jDr sð Þ @k1 s; s0ð Þ=@s0½ ds

Dr sð Þ @k2 s; s0ð Þ=@s0½ ds
o
ð13Þ
where C is an unknown constant that has to be found in the solution
process, and
k1 s; s0ð Þ ¼ lns s0s s0 ð14Þ
k2 s; s0ð Þ ¼ s s0s s0 ð15Þ
Eqs. (12) and (13) are singular integral equations, as they contain
principal value integrals.
It is also possible to write the equation that contains MuðsÞ and
MrðsÞ as the unknowns (Linkov and Mogilevskaya, 1990, 1994,
1998; Tsamasphyros, 1990; Linkov, 2002). However, the equation
of that kind is the so-called hypersingular integral equation as itcontains a Hadamard’s ﬁnite-part integral (Hadamard, 1952). This
equation has the following form:
1
2pi
Z
S
2
Du sð Þds
s s0ð Þ2
 Du sð Þ @=@s0ð Þdk1 s; s0ð Þ
(
Du sð Þ @=@s0ð Þdk2 s; s0ð Þ
)
¼ jþ 1
4l
rþðs0Þ þ rðs0Þ½ 
þ 1
4lpi
Z
S
j 1ð ÞDr sð Þ
s s0 dsþ jDr sð Þ @k1 s; s0ð Þ=@s0½ ds

Dr sð Þ @k2 s; s0ð Þ=@s0½ ds

ð16Þ
For the case of self-equilibrated tractions (rþ ¼ r; Mr ¼ 0),
Eq. (16) does not require any additional conditions for the solution
to exist, while Eqs. (12), (13) must be supplemented by either the
condition of zero resultant force
Re
Z
S
f sð Þds ¼ 0 ð17Þ
or that of single-valuedness of displacementsZ
S
Du0 sð Þds ¼ 0 ð18Þ2.3. Elastic potentials and jumps
‘‘What, ﬁnally, shall we say about George Green? Why, that he is, in
a manner of speaking, alive, well, and living among us’’.
Schwinger (1993). The greening of quantum ﬁeld theory:
George and I.
Another mathematical tool that allows for treatment of two-
and three-dimensional crack problems evokes the fundamental
notions of Green functions and elastic potentials. Their harmonic
equivalents were introduced in George Green’s Essay (Green,
1828), which he self-published and sold for 7.5 shillings a copy
to 51 people, most of whom most likely could not understand it
(Cannel and Lord, 1993; Challis and Sheard, 2003).
The Green function Gðx; nÞ is the harmonic potential at the point
x produced by a unit point source at another point n. A single layer
harmonic potential represents a superposition of the potentials
produced by the point sources of speciﬁed densities q nð Þ distrib-
uted over some surface S. Green showed that the ﬂux produced
by the single layer potential undergoes a jump over a smooth sur-
face. The theory of a single-layer potential was further developed
by Carl Friedrich Gauss (see Costabel, 2007). Later on (Costabel,
2007) Carl Neumann, Henri Poincaré, Alexander Lyapunov, Vladi-
mir Steklov, among a few other scientists, formulated the theory
of the so-called double layer harmonic potential. This potential
undergoes a jump over a speciﬁc sufﬁciently smooth surface S,
but its ﬂux is continuous over that surface.
The analog of the Green’s function in elasticity is the so-called
Kelvin’s fundamental solution named after Lord Kelvin (William
Thomson), who re-discovered and re-published Green’s Essay.
The solution Ukjðx; nÞ, represents the displacement in the kth
direction at point x due to a unit concentrated force in the jth
direction at point n. It has the following form (see e.g. Barber,
2010):
Ukjðx; nÞ ¼ 18 d 1ð Þpl 1 mð Þrd2
 3 4mð Þdkj ln r þ r;kr;j 2D
3 4mð Þdkj þ r;kr;j 3D

ð19Þ
where dkj is Kronecker’s symbol, r ¼ x nj j, rk ¼ xk  nk; r;k ¼ @r=@xk,
and d reﬂects the dimension of the problem, i.e. d ¼ 2 for two-
dimensional problem, d ¼ 3 for three-dimensional one. Note that
the tensor U possesses the following symmetry property:
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Kelvin’s solution is a cornerstone in the theory of elastic potentials
developed by V.D. Kupradze and his collaborators over the period of
twenty years and summarized in the book by Kupradze (1965) (see
also the books by Parton and Perlin, 1982; Linkov, 2002, and the ref-
erences therein).
The single layer potential over a sufﬁciently smooth surface S
(S is an arc in the two-dimensional case) is the vector whose
components at the point x R S are deﬁned by the following
integral:Z
S
qj nð ÞUkjðx; nÞdSn ð21Þ
where qj nð Þ is a sufﬁciently smooth function, and repeated indices
here and below imply summation. Thus, the integral of Eq. (21)
can be interpreted as the displacements in the kth direction at point
x due to the concentrated forces in the jth direction distributed on S
with the densities given by the function qj nð Þ, i.e.
uk xð Þ ¼
Z
S
qj nð ÞUkjðx; nÞdSn ð22Þ
Using the relationships between the displacements and strains, as
well as Hooke’s law, the tractions t xð Þ at the point x on the surface
characterized by the normal n xð Þ can be represented as
tk xð Þ ¼
Z
S
qj nð ÞTkjðx; nÞdSn ð23Þ
where Tkjðx; nÞ is the tractions in the kth direction at point x on the
corresponding surface with normal n xð Þ due to a unit concentrated
force in the jth direction at point n. The expressions for the compo-
nents of tensor T are provided by Eq. (63) of Appendix B.
The notion of a double layer potential for elasticity, introduced
by Kupradze (1965), produces the following set of representations
for the displacements and tractions:
uk xð Þ ¼
Z
S
gj nð ÞTjkðn;xÞdSn ð24Þ
tk xð Þ ¼
Z
S
gj nð ÞHkjðx; nÞdSn ð25Þ
where gj nð Þ is again a sufﬁciently smooth function. Note that the
variables and indices in the tensor T involved in Eq. (24) are now
interchanged. Thus, one needs to change r;k for r;k and n xð Þ for
n nð Þ in Eq. (63) to evaluate components Tjkðn; xÞ. The expressions
for the components of tensor H involved in Eq. (25) are provided
by Eqs. (64) and (65) of Appendix B. The tensor possesses the fol-
lowing symmetry property:
Hkjðx; nÞ ¼ Hjkðn;xÞ ð26Þ
Parton and Perlin (1982) have noted that the physical meaning of
the double layer potential is that of the displacements produced
by the moments distributed on S with the densities given by the
function gj nð Þ. The requirements on smoothness conditions for S
and those for the density functions are such that they assure certain
limiting behavior for the integrals involved in Eqs. (22)–(25), see
(Kupradze, 1965). We assume that all these smoothness conditions
are satisﬁed.
Potentials of Eqs. (22) and (25) are continuous when the point x
approaches the point n0 2 S, while potentials of Eqs. (23) and (24)
undergo the jumps. More speciﬁcally,
uk n0ð Þ ¼
Z
S
qj nð ÞUkjðn0; nÞdSn ð27Þ
tk n0ð Þ ¼ 
1
2
qk n0ð Þ þ
Z
S
qj nð ÞTkjðn0; nÞdSn ð28Þuk n0ð Þ ¼ 
1
2
gk n0ð Þ þ
Z
S
gj nð ÞTjkðn; n0ÞdSn ð29Þ
tk n0ð Þ ¼
Z
S
gj nð ÞHkjðn0; nÞdSn ð30Þ
where the sign ‘‘+’’, ‘‘’’ indicates the ﬁelds related to the corre-
sponding side of S. For sufﬁciently smooth S, the integrals involved
in Eqs. (28) and (29) are singular, Cauchy principal value integrals,
while the integral involved in Eq. (30) is a hypersingular, Hadamard
part integral (Hadamard, 1952).
It immediately follows from Eqs. (28) and (29) that the density
functions involved in Eqs. (22)–(25) have a physical meaning of the
following jumps:
qk n0ð Þ ¼ tþk n0ð Þ  tk n0ð Þ
  ¼ Mtk n0ð Þ ð31Þ
gk n0ð Þ ¼  uþk n0ð Þ  uk n0ð Þ
  ¼ Muk n0ð Þ ð32Þ
Thus, it is clear that the theory of elastic potentials provides the
tools necessary to adequately describe jump conditions that occur
on crack surfaces. Using integration by parts, potentials (24) and
(25) can be re-written in terms of the derivatives of the displace-
ment discontinuities, if desired.
2.4. Two- and three-dimensional crack problems in real variables:
‘‘indirect approach’’
‘‘Suddenly integral equations blazed forth in the mathematical
heavens, a supernova heralding the analysis of the twentieth
century’’.
Lonseth (1977). Sources and applications of integral equations.
The use of the potentials in the analysis of crack problems is
based on the representations of the elastic ﬁelds around a crack
by appropriately chosen potentials (or combinations of potentials)
from the set of Eqs. (22)–(25) (or their counterparts obtained by
integration by parts procedures) and satisfying boundary condi-
tions, while making use of Eqs. (31) and (32).
Early publications that advocated this approach were by Perlin
and Samarov (1974, 1977) (summarized in Parton and Perlin,
1982); Bui (1977) (with earlier references of 1971, 1975 for a pla-
nar crack), Theocaris and Kazantzakis (1978) and Le Van and Royer
(1986). However, these authors avoided hypersingularity by either
regularizing the equations (Bui, 1977; Theocaris and Kazantzakis,
1978; Le Van and Royer, 1986) or using the so-called ‘‘limit after
integration procedure’’ (Perlin and Samarov, 1974, 1977; Parton
and Perlin, 1982). The hypersingular integral equations were intro-
duced in the 1980s (e.g. Ioakimidis, 1982a,b, 1987; Lin’kov and
Mogilevskaya, 1986; see also the references in the review paper
by Tanaka et al. (1994)).
For example, for the case of a self-equilibrated crack, the poten-
tials of Eqs. (24) and (25) provide the following hypersingular
equation:
tk n0ð Þ ¼ 
Z
S
Muj nð ÞHkjðn0; nÞdSn ð33Þ
Eq. (33) could be regularized to provide the following singular
equation (Sladek and Sladek, 1983):
tl n0ð Þ ¼ clpjrcmsktnp n0ð Þ
Z
S
vmrs nð Þ@0tUkjðn0; nÞdSn ð34Þ
with
vmrs nð Þ ¼ nr nð ÞMum;s nð Þ  ns nð ÞMum;r nð Þ ð35Þ
and @ 0t ¼ @=@ztð Þjz¼n.
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tþk n0ð Þ þ tk n0ð Þ
2

Z
S
Mtj nð ÞTkjðn0; nÞdSn
¼ 
Z
S
Muj nð ÞHkjðn0; nÞdSn ð36Þ
or
tþk n0ð Þ þ tk n0ð Þ
2

Z
S
Mtj nð ÞTkjðn0; nÞdSn
¼ ckpjrcmsltnp n0ð Þ
Z
S
vmrs nð Þ@0tUljðn0; nÞdSn ð37Þ
2.5. Two- and three-dimensional crack problems in real variables
‘‘direct approach’’
‘‘A teacher affects eternity; he can never tell where his inﬂuence
stops’’.
Adams (1918). The Education of Henry Adams.
The combination of a single- and a double layer potential is
involved in the so-called Somigliana displacement identity named
after Carlo Somigliana who obtained it in 1885. The identity is an
equivalent of the Green representation formula of potential theory
(Green, 1828) and represents the corollary of Betti’s reciprocal for-
mula obtained in 1872 by Somigliana’s teacher Enrico Betti. It rep-
resents the displacements at point n inside a closed domain D as
the following combination of a single and double layer potentials
(e.g. Aliabadi, 2002):
uk nð Þ ¼
Z
S
tj xð ÞUjkðx; nÞdSx 
Z
S
uj xð ÞTjkðx; nÞdSx ð38Þ
The tractions t nð Þ at point n on the surface characterized by the nor-
mal n nð Þ can be represented another integral identity as follows:
tk nð Þ ¼
Z
S
tj xð ÞTkjðn;xÞdSx 
Z
S
uj xð ÞHjkðx; nÞdSx ð39Þ
Using the limit properties of the potentials given by Eqs. (27)–(30),
the displacements and tractions of Eqs. (38) and (39) on the bound-
ary S can be represented in integral forms. While identities (38) and
(39) are formally applicable to a domain with a closed boundary, a
number of authors (early work is due to Cruse (1975); Guidera and
Lardner (1975); Bui (1977); Weaver (1977); Shliapoberskii (1978);
Sladek and Sladek (1983); Takakuda et al. (1985) and Stephan
(1986) used the identities to formulate and solve crack problems.
To bypass the requirement of S being a closed contour, some
authors (e.g. Stephan, 1986) assumed that D is a region whose inter-
nal boundary coincides with the crack surfaces S and the external
one is that of a ball of sufﬁciently large radius. Using the asymptotic
behavior of potentials at inﬁnity and symmetry properties of the
tensors U;T;H, the problem is reduced to the integral equation on
surface S.
The approaches reviewed in this subsection generates the
same integral or integro-differential equations as its indirect
‘‘counterpart’’.
2.6. Link between complex- and real variables-based formulations of
two-dimensional crack problems
‘‘Mathematics is the art of giving the same name to different
things’’.
H. Poincaré
It is natural to expect that, in the two-dimensional case, Eqs.
(33)–(37) are somehow related to Eqs. (12)–(16). To illustrate this,one might start with e.g. Eg. (33) with the appropriate tensor H, Eq.
(64), and construct the following complex combination:
t s0ð Þ ¼ t1 s0ð Þ þ it2 s0ð Þ
¼ 
Z
S
Muj sð Þ H1j s0; sð Þ þ iH2j s0; sð Þ
 
dSs ð40Þ
where
s0 ¼ n01 þ in02; s ¼ n1 þ in2 ð41Þ
Multiplying both sides of Eq. (40) by i exp ia0ð Þ (with a0 being
the angle between the axis Ox and the tangent to the curve S at the
point s0) and using the following relations
r s0ð Þ ¼ rn s0ð Þ þ irs s0ð Þ ¼ i t1 s0ð Þ þ it2 s0ð Þ½  exp ia0ð Þ
ds=dSs ¼ exp iað Þ
ð42Þ
one obtains
r s0ð Þ ¼
Z
S
Muj sð Þ H2j s0; sð Þ  iH1j s0; sð Þ
 
exp i a0 þ að Þ½ ds ð43Þ
with a being the angle between the axis Ox and the tangent to the
curve S at the point s.
To complete the ‘‘translation,’’ the following ‘‘dictionary’’ should
be used:
Mu ¼ Mu1 þ iMu2 ð44Þ
r2 ¼ s s0ð Þ s s0ð Þ
n nð Þ ¼ n1 nð Þ þ in2 nð Þ ¼ i exp iað Þ
n n0ð Þ ¼ n1 n0ð Þ þ in2 n0ð Þ ¼ i exp ia0ð Þ
@r
@n nð Þ ¼ 
1
r
Im s s0ð Þ exp iað Þ½ 
@r
@n n0ð Þ
¼ 1
r
Im s s0ð Þ exp ia0ð Þ½ 
1
s s0 ¼ 
r1  ir2
r2
¼ 1
r
r;1  ir;2ð Þ ¼ ir r;2 þ ir;1ð Þ
k2 s; s0ð Þ ¼ r;1 þ ir;2ð Þ2
ds
ds
¼ exp 2iað Þ; @s0
@s0
¼ exp 2ia0ð Þ
in which, as before, rj ¼ n0j  nj.
Using Eqs. (43), (44) and (64), and some algebra, it can be
shown that Eq. (33) can be re-written in complex notations in
the form of Eq. (16) with rþ sð Þ ¼ r sð Þ ¼ r sð Þ. Alternatively, this
equivalence can be shown by simply separating real and imaginary
parts of the complex Eq. (16), with rþ sð Þ ¼ r sð Þ ¼ r sð Þ, and using
(43), (44) and (64).
More on the link between complex and real boundary integral
equations can be found in Mogilevskaya and Linkov (1998);
Linkov and Mogilevskaya (1998) and Linkov (2002).
3. Crack analysis in material sciences and engineering
The formulations discussed in the previous section were devel-
oped before computers became a part of engineering analysis.
With their advent, a variety of numerical methods to treat crack
problems were introduced. In this section, we focus on a fewmeth-
ods of that kind.
3.1. Volterra and Somigliana’s dislocations
‘‘Empires die, but Euclid’s theorems keep their youth forever’’.
V. Volterra, a letter 1930.
The concept of dislocation is attributed to V. Volterra (see
Volterra, 1907), who refereed to dislocations as ‘‘distortions.’’
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duced to elasticity theory earlier, in 1891 by M. Gebbia. The dislo-
cation in the elastic body can be produced by cutting this body
over a surface (arc or contour, in two-dimensions), removing the
material to form two surfaces to enforce a small displacement
jump, and ﬁnally re-joining the surfaces by either ﬁlling in the gaps
and/or welding. The relative displacement vector b along the cut is
called the Burgers vector after Johannes Martinus Burgers who
introduced it in 1939. A dislocation characterized by a constant
Burgers vector is known as the Volterra dislocation, while that
characterized by a Burgers vector that varies with the position of
the point on the surface is called the Somigliana dislocation (see
Eshelby, 1982). The elastic ﬁelds due to a single dislocation can
be obtained by solving the corresponding elasticity problems.
The solutions can be constructed by the use of either an appropri-
ate Airy stress function (e.g. Dundurs, 1969, for two-dimensional
problems) or a specially constructed integral representations for
the displacements (Volterra, 1907; Burgers, 1939; Eshelby, 1982).
The method of Burgers is of particular interest for our purposes,
as it involves a physical interpretation of the solution.
Burgers represented the displacements due to a three-
dimensional dislocation (characterized by the surface R) via the
sum of two vector functions one of which was harmonic and
another one biharmonic. He assumed that the components of the
harmonic part of displacements are proportional (with different
coefﬁcients f k) to the double-layer harmonic potential of unit den-
sity and suggested that the representation ‘‘induces us to interpret’’
the corresponding components as ‘‘being due to a system of imagi-
nary doublets, distributed over the surface R, the axis of the doublets
everywhere being normal’’ to that surface ‘‘whereas the strength (the
moment) of the doublets has the components lf k.1’’ Knowing the
properties of the double layer harmonic potential, it is clear that
the dipoles’ moments f k are proportional to the components of the
displacement jump. To balance the moments, Burgers introduced a
system of additional ‘‘imaginary forces’’ acting at the boundary and
summed up the displacements produced by those forces with those
due to the harmonic part. Finally, he found the remaining part of the
displacement solution, ‘‘the complimentary function,’’ by expressing
its Laplacian via the combinations of the derivatives of known
harmonic parts of that solution and solving the resulting Poisson’s
equation analytically. The complimentary solution has a form of a
surface integral, which was later reduced to the integral over the
boundary of that surface, thus proving the continuity of the compli-
mentary solution and its derivative. Therefore, the connection
between the dislocations and force dipoles was well established in
Burgers’ work. An interesting aspect of Burger’s work is that he effec-
tively constructs the solution as a combination of harmonic func-
tions that are now known as Papkovitch–Neuber potentials.
Another physical argument to derive the elastic ﬁelds of a
Somigliana dislocation are described in terms of the interaction
of the dislocation with a point force by Eshelby (1982). The expres-
sion for the displacements is obtained by comparing the work done
when one introduces ‘‘ﬁrst the dislocation, then the force’’ with alter-
native introduction of ‘‘the force ﬁrst and then the dislocation.’’ The
second process introduces two additional terms ‘‘one is the work
done by the force as its point of application is shifted through the dis-
placement induced by the dislocation. The other is the work done on
the two faces of the cut by the tractions due to the point force as the
faces suffer the relative displacement b.’’ By canceling these extra
terms to avoid creation of energy, Eshelby (1982) arrives at the fol-
lowing expressions for the displacements (in our notation):
ukðxÞ ¼
Z
S
bj nð ÞTjkðn;xÞdSn ð45Þ1 l is the shear modulus of the elastic material.Eq. (45) was also obtained in 1902 by Gebbia (see Eshelby, 1982), as
well as Volterra (1907). It was reproduced by Burgers (1939).
Comparison of Eqs. (24), (32), and (45) clearly indicates that the
displacement solution due to the Somigliana’s dislocation is
expressed by Kupradze’s double layer potential. Eshelby (1982) also
demonstrates that Eq. (45) can be obtained from the Betti reciprocal
theorem using the limiting process; the same process was also used
in Steketee (1958b) and in Stephan (1986), see Section 2.5. The
papers of Steketee (1958a,b) deserve special attention and will be
reviewed in Section 3.3. Here we only mention that in these papers
Steketee came very close to the notion of elastic potentials intro-
duced by Kupradze by stating that ‘‘this theory of dislocations per-
forms for the Navier equations of elasticity the same task which the
theory of surface distributions of poles and dipoles performs for the
Laplace equation.’’
The solutions for the elastic ﬁelds due to single two-dimen-
sional dislocation are typically presented for the so-called edge dis-
location that is a Volterra type dislocation obtained by taking a cut
from the core of the dislocation n to inﬁnity, e.g. Hills et al. (1996).
These solutions are (see Eqs. (2.2) and (2.5) in Hills et al. (1996))
u1 x;nð Þ ¼ b12p jþ 1ð Þ jþ 1ð Þhþ
2r1r2
r2
 
þ b2
2p jþ 1ð Þ j 1ð Þ ln rþ
2r22
r2
 
ð46Þ
u2 x;nð Þ ¼  b12p jþ 1ð Þ j 1ð Þ ln r
2r22
r2
 
þ b2
2p jþ 1ð Þ jþ 1ð Þh
2r1r2
r2
 
t1 x; nð Þ ¼ 2lp jþ 1ð Þ b1 
r2
r4
3r21 þ r22
 	h i
n1 xð Þ þ r1r4 r
2
1  r22
 	h i
n2 xð Þ
n o
þ b2 r1r4 r
2
1  r22
 	h i
n1 xð Þ þ r2r4 r
2
1  r22
 	h i
n2 xð Þ
n o
ð47Þ
t2 x; nð Þ ¼ 2lp jþ 1ð Þ b1
r1
r4
r21  r22
 	h i
n1 xð Þ þ r2r4 r
2
1  r22
 	h i
n2 xð Þ
n o
þ 2l
p jþ 1ð Þ b2
r2
r4
r21  r22
 	h i
n1 xð Þ þ r1r4 r
2
1 þ 3r22
 	h i
n2 xð Þ
n o
where tk x; nð Þ are stresses at the ﬁeld point x on the line with
normal n xð Þ, r; hð Þ are polar coordinates of that point,
rk ¼ xk  nk; r2 ¼ r21 þ r22.
In Appendix C it is demonstrated that expressions (46), (47) can
be obtained by integrating the corresponding expressions given by
representations (24) and (25) over a semi-inﬁnite segment that
starts at the core of the dislocation n.
3.2. Crack problems with distributed dislocations and dislocation
moments techniques
‘‘’Make it do something!’’.
J.D. Eshelby’s demand of a theory, Bilby, 1990.
The fundamentals of the techniques are described in details in
the book by Hills et al. (1996). These authors acknowledged that
the techniques are ‘‘based loosely on the pioneering work of Eshelby
in the late 1950’s and developed by Erdogan, Keer, Mura and many
others.’’ The comprehensive review of the method and the refer-
ences on early studies are also presented in Bilby and Eshelby
(1968). In Russian literature, the distributed dislocation technique
was advocated in the 1970s by Gol’dstein and Salganik (1970,
1974) and Gol’dstein and Savova (1972) for two-dimensional prob-
lem; the distributed dislocation dipoles technique was used to
model three dimensional crack in anisotropic medium by Kanaun
(1981).
The distributed dislocation technique employs a standard
superposition process in which the problem of a traction-free crack
in elastic medium subjected to far-ﬁeld loads is reduced to that of
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stresses. The crack is modeled using a distribution of dislocations
along an inﬁnitesimal crack element each categorized as a single
dislocation with inﬁnitesimal Burgers vector B nð Þdn, with B nð Þ
being the dislocation density related to the Burgers vector b nð Þ as
follows:
B nð Þ ¼ db nð Þ
dn
ð48Þ
Integrating the stresses due to a single dislocation over the line
of the crack and matching them with the known corrective
stresses, the singular integral equation that relates the unknown
dislocation density B nð Þ and the corrective stresses is obtained.
Two-dimensional problems are typically solved by using stresses
due to a single edge dislocation of the Volterra type given by
expressions (47).
Using the distributed dislocation technique, (Gol’dstein and
Salganik, 1970, 1974); Gol’dstein and Savova (1972) obtained the
singular integral equation for a general self-equilibrated curvilin-
ear crack. However, the notations used in these papers are not easy
to understand and, in addition, the papers contain a number of
misprints. All of this complicates the task of comparison of their
equation with the equations obtained using different techniques.
However, the results of Appendix C clearly indicate that the dis-
tributed dislocation technique will result in the singular integral
equation that can be obtained from Eq. (33) by using integration
by parts. The three-dimensional distributed dislocation technique
will result in the singular integral Eq. (34).
Alternatively, a crack can be modeled using a distribution of dis-
location dipoles. Each dipole is formed by two dislocations that are
brought very close together and have Burgers vectors of opposite
signs. The stresses produced by the dipole are obtained by summa-
tion of the stresses due to the individual dislocations and using the
limit process in which the distance between these dislocations
becomes very small. The stresses resulting from that procedure
are expressed in terms of the Burgers vector b nð Þ. Using the distri-
bution of such dipoles or moments over the crack surface, the
hypersingular equation is obtained that relates the unknown b nð Þ
and the known corrective stresses.
The integral equation for the three-dimensional crack problem
obtained with the distributed moments technique is presented in
Kanaun (1981) for a crack in an anisotropic solid. It coincides with
Eq. (33) for the isotropic case.
3.3. ‘‘Fictitious loads and force dipoles’’
‘‘God does not care about our mathematical difﬁculties. He
integrates empirically’’.
A. Einstein
The fundamental concepts of the body force (point force) and
‘‘nuclei of strain’’ related to these methods were introduced by Lord
Kelvin, J. Dougall, and Love (1927). The displacements due to the
body force applied at some point of an inﬁnite domain (Kelvin’s
fundamental solution) is given by Eq. (19) of Section 2.3. Using this
solution, Dougall and Love constructed several other singular solu-
tions, three of which are of particular importance for us, namely: a
‘‘double force without moment,’’ a ‘‘ double force with moment,’’ and a
‘‘center of compression.’’ The displacements due to these solutions
are brieﬂy reviewed in Appendix D.
(Steketee, 1958a,b), who applied the elasticity theory of disloca-
tions to geophysics (problems related to faults and fracture zones)
demonstrated that the tensor Tjkðn;xÞ involved in the dislocation
solution of Eq. (45) is related to the displacements generated by
a combination of various nuclei of strain. More speciﬁcally, Steke-
tee mentioned that the values of Tjkðn;xÞ on coordinate planes canbe represented via either ‘‘a combination of a center of compression
and an additional double force without momentor by ‘‘a combination
of two coplanar, mutually perpendicular double forces without
moments.’’ These facts are illustrated in Appendix D.
The applications of ﬁctitious loads and dipoles to the numerical
solution of elasticity problems were based on representation of a
solution to a speciﬁc problem as a sum of the solutions due to
the body forces (point forces) of unknown densities distributed over
the segment of the curve/surface that represents a trace of the real
boundary in an inﬁnite plane. The ﬁrst method of this kind was
proposed for the problems with closed contours by Massonnet
(1965). He solved them using the solutions due to the point forces
applied at the boundary of a half-plane (Flamant solution).
Massonnet coined the name ‘‘ﬁctitious loads.’’ Several scientists
independently came with the same idea but employed the solution
for a unit force applied in the full plane/space (Kelvin solution).
Thus, Nisitani (1968) suggested the Body Force Method and
Oliveira (1968) proposed the General Integral Method. A some-
what similar algorithm was suggested by Aleksandrov (1973) for
the solution of three-dimensional elasticity problems. Some of
these papers contain the references published in the native
languages of the authors that dated back as early as the mid-
1950s. The approach is sometimes refereed to as a ‘‘Fictitious stress
method’’ (e.g. Crouch and Starﬁeld, 1983). In some early papers,
e.g. Nisitani (1968), the method was not connected to integral
equations, or, even as such connections were recognized, the inte-
gral equations were not explicitly written, e.g. Aleksandrov (1973).
Early applications of the Body Force Method to crack problems
were due to Nisitani and Murakami (1974) and Murakami and
Nemat-Nasser (1982). A crack an inﬁnite medium was treated as
a limiting case of a cavity. Using standard superposition, the prob-
lem was reduced to that of zero stress at inﬁnity. It was assumed
that the region X occupied by the cavity was ﬁlled with the same
material as that of the inﬁnite medium and subjected to varying
transformation strains ij. The equilibrium condition for the total
strains ij þ ij was equivalent to that for the problem of the region
X subjected to body forces cijklkl;j. Using the solution of a point
force, the displacements inside the cavity were represented in inte-
gral form and integration by parts was employed. This procedure
yields the following representation:
uk xð Þ ¼
Z
X
rjl nð Þ
@
@nl
Ukj x; nð Þdn ð49Þ
where Ukj x; nð Þ is given by Eq. (19) and rjl nð Þ ¼ cjlmnmn nð Þ is trans-
formational stress.
Using the relationships between the displacements and strains,
as well as Hooke’s law, the stresses at the point x are
rkj xð Þ ¼ ckjmn
Z
X
rpl nð Þ
@2
@xn@nl
Ump x; nð ÞdSn
¼ cplstckjmn
Z
X
st nð Þ
@2
@xn@nl
Ump x; nð ÞdSn ð50Þ
The resulting equation for the tractions at the point located at
the plane characterized by the normal n xð Þ is
tk xð Þ ¼ cplstckjmnnj xð Þ
Z
S
st nð Þ
@2
@xn@nl
Ump x; nð ÞdSn ð51Þ
Using integration by parts in Eq. (51), one can arrive at Eq. (34)
obtained by Sladek and Sladek (1983) using the Somigliana’s iden-
tities or by Le Van and Royer (1986) who started with Kupradze’s
double layer potential. Thus, it is clear that strains ij are related
to the derivatives in crack opening displacements and this fact
was noticed in Murakami and Nemat-Nasser (1982).
Another closely related method was developed by Zinov’ev
(1972) and Aleksandrov and Zinov’ev (1978), who modeled a crack
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independently suggested by Cleary (1977), who labeled it a Surface
Integral Method (see also Forth and Keat, 1996), Brady (1978), and
Nisitani (see e.g. Nisitani (1979)) in his Body Force Method. These
authors re-derived Love (1927) solutions for the force dipoles by
superposing Kelvin solutions of two opposite forces applied at
the points separated by an inﬁnitesimal distance and taking the
limit as the distance tends to zero while preserving the value of
the moment. Keat et al. (1988) demonstrated that ﬁelds due the
force dipoles are mathematically equivalent to the jumps in dis-
placements across the crack surfaces.
The link between the solutions due to the edge and screw
dislocations and those due to the distributed force dipoles was
demonstrated by Nisitani (1979), who showed that the former
solutions could be obtained by integrating the distributed dipole
solutions (with densities proportional to the displacement jumps)
over the corresponding semi-inﬁnite interval starting at the dislo-
cation core.
All these methods also could be viewed as numerical solutions
of the traction integral equations obtained from the Kupradze’s
double layer potential with simple polynomial approximations of
the density functions. Indeed, in later publications, the body force
method is directly presented in integral terms via Kupradze’ poten-
tials (e.g. Eqs. (2)–(5) in Chen and Nisitani (1997)). However, the
authors are apparently not aware of that fact.
3.4. Displacement discontinuity method (DDM)
‘‘A computation is a process that obeys ﬁnitely describable rules’’.
R. Rucker
The term ‘‘displacement discontinuity’’ was introduced by Berry
(1960) in the context of mining tabular excavations. In the abstract
of the paper, Berry stated that ‘‘So long as the excavation is compar-
atively deep. . .the convergence of opposing points in roof and ﬂoor
may be treated as a discontinuity in displacement. . .’’ Modeling an
excavation as a single straight line and using the ‘‘Russian Meth-
ods,’’ Berry obtained the solutions of several two-dimensional
problems involving different conditions associated with that line.
One of the problems was that of a constant normal displacement
discontinuity over a ﬁnite line segment in an inﬁnite (or semi-
inﬁnite) elastic medium. This solution represents a Volterra dislo-
cation over a speciﬁc line segment. Berry acknowledged this fact by
referring to his result as ‘‘ a general result on displacement disconti-
nuities or dislocations. . .’’ (Section 4 of Berry, 1960) and expressing
his gratitude to ‘‘ Professor R. Hill, who was responsible for the
fundamental idea of the excavation as a dislocation’’ (page 292 of
Berry, 1960). A similar idea was later used in mining applications
to analyze the three-dimensional elastic perturbations induced
by mining tabular excavations (Berry, 1963; Salamon, 1963,
1964; Starﬁeld and Crouch, 1973).
However, as a general method, the Displacement Discontinuity
Method (DDM) was developed by Crouch (1976). Crouch (1976)
was the ﬁrst who proposed a general numerical algorithm to solve
various boundary value problems of plane elastostatics, including
crack problems. The algorithm is based on the solution of more
general problem of a displacement discontinuity with constant
components over a ﬁnite line segment in an inﬁnite (or semi-
inﬁnite) elastic medium.
The solution by Crouch (1976) is based on the use of Papkov-
itch–Neuber potentials and provides (in the case of the segment
a; a½  of the axis Ox) the following closed form expressions for
the displacement and stress ﬁelds at the point x(x1; x2Þ:
u1 ¼ Du1 2 1 mð Þf ;2  x2 f ;11
  Du2  1 2mð Þ f ;1  x2 f ;12  ð52Þ
u2 ¼ Du1 1 2mð Þf ;1  x2 f ;12
  Du2 2 1 mð Þ f ;2  x2 f ;22 r11=2l ¼ Du1 2f ;12 þ x2 f ;122
  Du2 f ;22 þ x2 f ;222  ð53Þ
r22=2l ¼ Du1 x2 f ;122
  Du2 f ;22  x2 f ;222 
r12=2l ¼ Du1 f ;22 þ x2 f ;222
  Du2 x2 f ;122 
where
f x; yð Þ ¼  1
4p 1 mð Þ
Z a
a
ln rdn1 ð54Þ
and r2 ¼ x1  n1ð Þ2 þ x22.
The numerical algorithm, the displacement discontinuity
method, included the following steps:
 Distribution of a set of straight elements with constant dis-
placement jumps of unknown magnitude along the boundaries
of the analyzed domains, including those of cracks.
 Representation of prescribed boundary tractions or displace-
ments at each segment as a sum of the contributions due to
all segments via the corresponding analytical expressions.
Before the summation, these ﬁelds are transformed to the coor-
dinate system of the analyzed segment.
 Finding the discontinuity values that produce prescribed
boundary tractions or displacements from the resulting system
of linear algebraic equations.
 Evaluation the elastic ﬁelds anywhere in the analyzed domain
by summing up the contributions from the boundary segments.
A three dimensional algorithm has a similar structure. Initial appli-
cations (Salamon, 1964) employed the solution of the problem of a
constant displacement discontinuity over a rectangular plane ele-
ment (Volterra dislocation) independently obtained by Rongved
(1957) and Salamon (1964). Later developments utilized higher
order displacement discontinuities (Shou et al., 1997) and/or trian-
gular elements (Kuriyama and Mizuta, 1993; Kuriyama et al., 1995;
Li et al., 2001).
The demonstration of the fact that Eqs. (52)–(54) can be
obtained from Eq. (24) and (32) assuming constant jump condi-
tions at the segment will follow the same lines as in Appendix C,
except that the integration interval should be chosen to be
a; a½ . In Appendix E, we outline the corresponding derivations
for the displacements.
In the three-dimensional case, the expressions for the ﬁelds
obtained with DDM (e.g. Salamon, 1964; Kuriyama and Mizuta,
1993) would coincide with those obtained from (24), (32) assum-
ing constant jump conditions at the plane rectangular (or triangu-
lar) element, e.g. Lin’kov and Mogilevskaya (1986) and Nikolskiy
et al. (2013).
3.5. Boundary element method (BEM). Early integral equations
‘‘Unity itself and the idea of Unity are already two’’.
Buddha
The Boundary Element Method is a numerical technique for
solving the boundary integral equations associated with a speciﬁc
boundary value problem. These equations result from the repre-
sentations of the ﬁelds related to the boundary value problem
via the integrals over the boundary of the domain of interest. Sev-
eral ways of constructing such integral representations and various
boundary integral equations for crack problems were discussed in
previous sections. The equations obtained in these sections are
written in terms of the displacement jumps. However, early papers
on applications of the Boundary Element Method to crack prob-
lems employed different equations.
The ﬁrst three-dimensional equation was reported by Cruse in
1970 (see Cruse, 1996) who used Somigliana’s displacement
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surfaces. He obtained the following boundary equation for a self-
equilibrated crack:
uþk nð Þ þ uk nð Þ
2
¼ 
Z
S
Muj xð ÞTjkðx; nÞdSx ð55Þ
Eq. (55) involves the displacement discontinuities as well as the
displacements and is ‘‘ill-posed’’, see Cruse (1996). To overcome this
problem, several techniques were later developed. One of them was
by Lachat and Watson (1976), who suggested the so-called ‘‘Multi-
region BEM’’ in which the boundary of the crack was extended to
create two artiﬁcial subdomains. The conditions of displacement
continuity and equilibrium of tractions were enforced at the
artiﬁcial boundaries of the subdomains, as opposed to real crack
boundaries. The technique is not particularly efﬁcient as it requires
discretization of additional artiﬁcial boundaries.
Another technique, the so-called ‘‘Dual BEM’’, consists of a sep-
arate treatment of each side of the crack and simultaneous use of
the following displacement and traction identities:
uk nð Þ ¼
Z
S
tj xð ÞUjkðx; nÞdSx 
Z
S
uj xð ÞTjkðx; nÞdSx ð56Þ
tk nð Þ ¼
Z
S
tj xð ÞTkjðn;xÞdSx 
Z
S
uj xð ÞHjkðx; nÞdSx
This technique was advocated in Hong and Chen (1988) and Mi and
Aliabadi (1992) (see also the references in Aliabadi, 2002).4. Conclusions
In this paper, we analyzed the major crack modeling techniques
and showed that the mathematical equations resulting from these
techniques are all interconnected. This conclusion is no surprise, as
all these methods, while independently formulated, solve the same
well-posed boundary value problem of an elastic solid with a cut
along which the ﬁelds undergo jumps.
The complex integral equations obtained with the ‘‘Russian
Methods’’ can be ‘‘translated’’ into those obtained with the use of
elastic vector potentials (Kupradze’s type equations) by simple sep-
aration of real and imaginary parts and some algebra. The latter
equations can also be obtained by using the formulation based
on Somigliana’s identities (Equations of direct formulation) that rep-
resent various combinations of the elastic potentials.
Kupradze’s type equations coincide with those obtained by the
Distributed Moment Technique. The equations of the Distributed Dis-
location Technique can be obtained by performing the integration
by parts procedure in the integrals involved in Kupradze’s type
equations.
The Body Force Method and the Displacement Discontinuity
Method represent discrete analogs of Kupradze’s type equations.
However, the value of these independently developed ‘‘empirical’’
techniques must not be underestimated. While it took almost a
decade to resolve the issue of hypersingularity in the Kupradze’s
type integral equations for crack problems, the Displacement
Discontinuity Method provided a robust and efﬁcient numerical
algorithm capable of solving two- and three-dimensional crack
problems that featured complex geometric and loading conditions.
In addition, the language of ‘‘empirical’’ methods has clear physical
meaning and their mathematical and numerical aspects are simple
and accessible to the engineers who faced important practical
problems.
Finally, the author hopes that the ‘‘translation’’ between the dif-
ferent ‘‘languages’’ offered in this paper, illuminates the signiﬁcant
value that each of the discussed original contributions provided to
the better understanding and efﬁcient modeling of crack problems.Acknowledgements
This paper is dedicated to the memory of Professors Yu. M.
Liberman and P.I. Perlin who provided strong encouragement at
the beginning of the author’s career. The author is grateful to Prof.
A.M. Linkov who suggested the computational modeling of
three-dimensional crack problem as the author’s Ph.D. topic at
the time of punched cards and when the smallest computers
occupied a decent size room. Special thanks to Steve Crouch for
valuable discussions and to Dmitry Nikolskiy for help in preparing
the manuscript. I also wish to thank the anonymous reviewer who
brought my attention to the seminal papers of Steketee (1958b)
and made several useful suggestions. The support from the
Theodore W. Bennett Chair, University of Minnesota, is also grate-
fully acknowledged.
Appendix A. Smooth curves and complex functions
The curve is said to be smooth if the coordinates of any point on
that curve can be represented in the following form:
x ¼ x sð Þ; y ¼ yðsÞ ð57Þ
where xðsÞ; yðsÞ are continuous functions of the real parameter
s 2 ½sa; sb such that x0ðsÞ; y0ðsÞ are continuous on ½sa; sb (the direc-
tion of the tangent is a continuous function of s), and the curve is
simple (it does not intersect itself anywhere on ðsa; sbÞ).
The points a; b with the coordinates x sað Þ; yðsaÞ and x sbð Þ; yðsbÞ
are said to be the end points of the curve. Each curve is associated
with the prescribed direction that corresponds to an increase of the
parameter s.
A complex function can be represented as
f zð Þ ¼ f 1 zð Þ þ if2 zð Þ ð58Þ
where z is a complex variable representing the point z, and
f 1 zð Þ; f 2 zð Þ can be interpreted as two real-valued functions of the
two real variables, f 1 x; yð Þ and f 2 x; yð Þ.
The function f zð Þ satisﬁes a Hölder condition on the curve S, if
for any points z1; z2 of S
f z2ð Þ  f z1ð Þj j 6 C z2  z1j ja ð59Þ
where C and a are real positive constants, and z2  z1j j is the
distance between the points z1; z2.
The function f ðzÞ is said to belong to the H class on the curve S
if it satisﬁes a Hölder condition on every closed part of S not
containing its ends, and it behaves near each end c as
f zð Þ ¼ / zð Þ
z cð Þb ; 0 6 b < 1 ð60Þ
where / zð Þ satisﬁes a Hölder condition on S.
The complex derivative f 0 z0ð Þ of the function f zð Þ ¼ f 1ðx; yÞþ
if2ðx; yÞ at the point z0 ¼ x0 þ iy0 is deﬁned (similarly as in real
variables analysis) as
f 0 z0ð Þ ¼ lim
z!z0
f zð Þ  f z0ð Þ
z z0 ð61Þ
Unlike in real variables analysis where both points belong to one
line (z; z0 2 Ox), the complex variable z of expression (61) may
approach the point z0 from various directions. Thus, the function
f zð Þ is said to be differentiable at the point z0 if the limit of (61)
exists and does not depend on the way in which z ! z0. To fulﬁll
the last requirement, the following so-called Cauchy–Riemann’s
conditions must be satisﬁed:
@f 1 x; yð Þ
@x
¼ @f 2 x; yð Þ
@y
;
@f 2 x; yð Þ
@x
¼  @f 1 x; yð Þ
@y
ð62Þ
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region D is said to be holomorphic in that region. A holomorphic
function is sometimes referred to as being analytic even though
the concept of an ‘‘analytic function’’ is a more general one. It
identiﬁes a function that can locally be represented by a convergent
power series. However, it can be proved that if the complex
function f zð Þ is holomorphic in the domain D then it is analytic in D.
Appendix B. The expressions for the tensors T and H
The expression for the tensor T is
Tkj x; nð Þ ¼  14 d 1ð Þp 1 mð Þrd1

1 2mð Þ

r;knjðxÞ  r;jnkðxÞ
þdkj @r
@n xð Þ

þ dr;kr;j @r
@n xð Þ

ð63Þ
where n is the point where the unit force is applied in the jth direc-
tion; nk xð Þ indicates the kth component of the vector n xð Þ,
@r=@n xð Þ ¼ r;knkðxÞ;d ¼ 2 for a two-dimensional problem, d ¼ 3
for a three-dimensional one, and the rest of the notation is the same
as that adopted in Section 2.3.
The expressions for the tensor H are.
 Two-dimensionsHkj x; nð Þ ¼ 2l4p 1 mð Þr2 2
@r
@n xð Þ r;knjðnÞ þ 4r;kr;j
@r
@n nð Þ
 
2r;jnkxÞ @r
@n nð Þ þ dkjnmðnÞnmxÞ
þnkðnÞnjxÞ  njðnÞnkxÞ

ð64Þ
 Three-dimensions
Hkj x; nð Þ ¼  2l8p 1 mð Þr3

1 2mð Þ dkjnm xð Þnm nð Þ

þnk nð Þnj xð Þ
 1 4mð Þnk xð Þnj nð Þ
þ3 1 2mð Þ r;jnk xð Þ @r
@n nð Þ þ r;knj nð Þ
@r
@n xð Þ
 
3m @r
@n nð Þ dkj
@r
@n xð Þ þ r;knj xð Þ
 
þ3mr;j nm xð Þnm nð Þr;k þ nk nð Þ @r
@n xð Þ
 
þ15r;kr;j @r
@n xð Þ
@r
@n nð Þ

ð65Þ
In the above expressions, n nð Þ is the outward unit normal vector
at the point n; nk nð Þ are the components of n nð Þ; @r=@n nð Þ ¼
r;knk nð Þ.Appendix C. The link between the edge dislocation solution and
that obtained with a double layer potential
Consider the two-dimensional edge dislocation that is aligned
with the axis Ox and has a core at the point n0 n0;0ð Þ. Assuming that
the Burgers vector of that dislocation bðb1;b2Þ is constant, we will
show that the ﬁelds due to this dislocation can be obtained by inte-
grating the corresponding ﬁelds due to the double layer potential
of Eq. (24) with gi nð Þ ¼ bi.
Consider the following integral:Z 1
n0
Hkj x; nð Þbjdn1 ¼ bj
Z 1
n0
Hkj x; nð Þdn1 ð66Þin which x ¼ x1;x2ð Þ, and Hij x; nð Þ are given by expression (64).
Assuming that the unit normal n nð Þ is chosen to be n nð Þ ¼ ð0;1Þ,
one gets
@r
@n nð Þ ¼ r;jnj nð Þ ¼
x2
r
ð67Þ
where r2 ¼ x1  n1ð Þ2 þ x22. After substituting expression (67) into
expression (64) and some algebra, we getZ 1
n0
H11 x;nð Þdn1 ¼
2l
p jþ1ð Þ 2x2n1 xð Þ
Z 1
n0
4 x1 n1ð Þ
3
r6
þ x1 n1
r4
" #
dn1
(
þn2 xð Þ
Z 1
n0
8x22
x1 n1ð Þ2
r6
þ 1
r2
" #
dn1
)
ð68Þ
Z 1
n0
H12 x; nð Þdn1 ¼
Z 1
n0
H21 x; nð Þdn1
¼  2l
p jþ 1ð Þ n1 xð Þ
Z 1
n0
8x22
x1  n1ð Þ2
r6
þ 1
r2
" #
dn1
(
þ2n2 xð Þx2
Z 1
n0
x1  n1
r4
 4x22
x1  n1
r6
 
dn1
)
ð69Þ
Z 1
n0
H22 x;nð Þdn1¼
2l
p jþ1ð Þ 2x2n1 xð Þ
Z 1
n0
x1n1
r4
4x22
x1n1
r6
 
dn1

þn2 xð Þ
Z 1
n0
4x22
1
r4
8x42
1
r6
þ 1
r2
 
dn1

ð70Þ
Performing the integration in expressions (68)–(70) and assembling
the tractions, as in Eq. (25)
tk ¼ bj
Z 1
n0
Hkj x; nð Þdn1 ð71Þ
one arrives at Eq. (47) with r1 ¼ x1  n0; r2 ¼ x2.
Similarly it can be shown that Eq. (46) can be obtained by direct
evaluation of the integral of Eq. (24) in which the tensor compo-
nents Tij are taken to be given by expression (63). After the integra-
tion is performed, one has to take into account that
h ¼ p
2
 arctan x1  n0
x2
ð72ÞAppendix D. Nuclei of strain
In this Appendix we rewrite the singular solutions presented on
page 187 of Love (1927), using our notation and show the connec-
tion between Tjkðn;xÞ of Eq. (45) and these solutions.
D.1. A double force in the j th direction without moment
The displacements at the point x related to the double forces of
unit magnitude applied at the point n have the following form:
uk xð Þ ¼ @Ukj x; nð Þ=@nj ð73Þ
where uk xð Þ is the kth component of the displacements, Ukj x; nð Þ is
given by Eq. (19), and no summation is assumed over j.
D.2. A centre of compression
The solution is a combination of three double forces without
moments of the same (unit) magnitude applied simultaneously
at the point n and having their axes parallel to the coordinate axes.
The displacements at the point x due to this combination of loads
have the following form:
uk xð Þ ¼ 1 2m8pl 1 mð Þ
@r1
@nk
ð74Þ
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The displacements at the point x related to the double forces
applied at the point n have the following form:
uk xð Þ ¼ @Ukj x; nð Þ=@n‘ ð75Þ
where the unit moment is about the axis perpendicular to the jth
and ‘th axes.
D.4. Representation of Tjkðn;xÞ via nuclei of strain
The tractions Tjkðn;xÞ involved in the dislocation solution of Eq.
(45) can be obtained (using displacement-tractions relations) from
the displacements Ujkðn;xÞ as follows
Tjk n;xð Þ ¼ kdjm@U‘kðn;xÞ=@n‘ þ l @Ujkðn; xÞ=@nm

þ@Umkðn; xÞ=@nj
	
nm nð Þ ð76Þ
where k ¼ 2lm= 1 2mð Þ is the Lamé constant.
Taking into account the property given by Eq. (20), one gets
(summation convention is again assumed)
Tjk n;xð Þ ¼ kdjm@Uk‘ðx; nÞ=@n‘ þ l @Ukjðx; nÞ=@nm

þ@Ukmðx; nÞ=@nj
	
nm nð Þ ð77Þ
Comparison of Eq. (77) with singularities given by Eqs. (73)–(75)
reveals the link between the nuclei of strain and the values of
Tjk n;xð Þ on the coordinate planes. Assuming that the normal vector
is aligned with sth axis of the Cartesian coordinate system, i.e.
nm nð Þ ¼ dsm, one can observe that, in the case s ¼ j, the right hand
side of Eq. (77) is a combination of singularities given by Eqs. (73)
and (74), while in the case s – j, it is a combination of singularities
given by Eq. (75).
Appendix E. The link between the displacement discontinuity
solution and that obtained with a double layer potential
Assume that the contour S involved in the double layer poten-
tial of Eq. (24) is the straight segment a; a½  located at the axis
Ox. Assuming that the displacement jump ðMu1;Mu2Þ is constant
along that segment and consider the following integral:
uk xð Þ ¼ Muj
Z a
a
Tjk n;xð Þdn1 ð78Þ
Assuming that the unit normal n nð Þ is chosen to be n nð Þ ¼ ð0;1Þ,
one gets
@r
@n nð Þ ¼ r;jnj nð Þ ¼
x2
r
ð79Þ
where r2 ¼ x1  n1ð Þ2 þ x22. After substituting expression (79) into
expression (63), with properly re-arranged variables and indices,
and some algebra, we getZ a
a
T11 n; xð Þdn1 ¼ 
x2
p jþ 1ð Þ 1 2mð Þ
Z a
a
1
r2
dn1

þ2
Z a
a
x1  n1ð Þ2
r4
dn1
#
ð80Þ
Z a
a
T12 n; xð Þdn1 ¼ 
1
p jþ 1ð Þ 1 2mð Þ
Z a
a
x1  n1
r2
dn1

þ2x22
Z
a
x1  n1
r4
dn1

ð81Þ
Z a
a
T21 n; xð Þdn1 ¼ 
1
p jþ 1ð Þ  1 2mð Þ
Z a
a
x1  n1
r2
dn1

þ2x22
Z a
a
x1  n1
r4
dn1

ð82ÞZ a
a
T22 n;xð Þdn1 ¼ 
x2
p jþ 1ð Þ 1 2mð Þ
Z a
a
1
r2
dn1 þ 2x22
Z a
a
1
r4
dn1
 
ð83Þ
Performing the integration in expressions (80)–(83) and using Eq.
(78), one arrives at expressions (52) in which the derivatives of
function (54) are given by Eq. (4.3.6) in Crouch and Starﬁeld (1983).References
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